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Coupled Nonlinear Dynamics of
Geometrically Imperfect Shear
Deformable Extensible
Microbeams
This paper aims at analyzing the coupled nonlinear dynamical behavior of geometrically
imperfect shear deformable extensible microbeams based on the third-order shear defor-
mation and modified couple stress theories. Using Hamilton’s principle and taking into
account extensibility, the three nonlinear coupled continuous expressions are obtained
for an initially slightly curved (i.e., a geometrically imperfect) microbeam, describing the
longitudinal, transverse, and rotational motions. A high-dimensional Galerkin scheme is
employed, together with an assumed-mode technique, in order to truncate the continuous
system with an infinite number of degrees of freedom into a discretized model with suffi-
cient degrees of freedom. This high-dimensional discretized model is solved by means of
the pseudo-arclength continuation technique for the system at the primary resonance,
and also by direct time-integration to characterize the dynamic response at a fixed forc-
ing amplitude and frequency; stability analysis is conducted via the Floquet theory. Apart
from analyzing the nonlinear resonant response, the linear natural frequencies are
obtained via an eigenvalue analysis. Results are shown through frequency–response
curves, force–response curves, time traces, phase-plane portraits, and fast Fourier trans-
forms (FFTs). The effect of taking into account the length-scale parameter on the coupled
nonlinear dynamic response of the system is also highlighted.
[DOI: 10.1115/1.4031288]
Keywords: coupled nonlinear dynamics, third-order shear deformation theory, modified
coupled stress theory, initial imperfection
1 Introduction
Continuous microsystems are present in many engineering
devices and micromachines [1,2], for example, in micro energy
harvesters, airbag accelerometers, biosensors, biomechanical
organs, microactuators, microswitches, MEMS resonators, and
vibration shock sensors [3–8]; due to their widespread application,
many researchers have investigated the dynamical behavior of
these systems in recent years. An important issue in the theoretical
modeling of microscale continuous systems is to use a continuum
theory which is capable of capturing small-size effects; the de-
pendence on size was first found out experimentally [9–11].
Between the theories capable of taking into account size effects,
the modified couple stress theory [12] is employed in this paper.
The literature concerning the static and dynamic behaviors of
microbeams can be classified mainly into two general groups in
terms of the models being considered. The first group analyzed
the statics or dynamics of microbeams based on either the Euler–
Bernoulli or Timoshenko beam theory. The second class employed
higher-order shear deformation theories.
Starting the literature review of the first group, the natural fre-
quencies of microbeams were obtained by Kong et al. [13] and
Ma et al. [14], based on the Euler–Bernoulli and Timoshenko
beam theories, respectively. Asghari et al. [15] and Wang et al.
[16] employed the modified couple stress theory and a strain gra-
dient elasticity theory, respectively, in order to model Timoshenko
microbeams and study their size-dependent behavior. Ansari et al.
[17–19] analyzed the size-dependent bending and thermal
buckling and postbuckling of functionally graded Timoshenko
microbeams based on a strain gradient elasticity theory. Nateghi
et al. [20] contributed to the field by examining the buckling
response of functionally graded microbeams based on the modi-
fied couple stress theory. Akg€oz and Civalek [21] investigated the
buckling behavior of an axially forced microbeam employing
both the modified couple stress and classical couple stress theo-
ries. Ouakad and Younis [22] examined the dynamic snap-through
motion of an electrically actuated initially curved microbeam and
investigated the possibility of using the snap-through motion for
filtering applications. Farokhi et al. [23] continued the investiga-
tions by examining the nonlinear dynamics of microbeams beyond
buckling, thorough use of the modified couple stress theory.
Ramezani [24] and Asghari et al. [25] analyzed the nonlinear free
dynamics of Timoshenko microbeams by means of the method of
multiple time scale based on strain gradient elasticity and modi-
fied couple stress theories, respectively.
The literature regarding the second class is not large. Address-
ing the linear aspects of the problem, for example, Salamat-talab
et al. [26] examined the linear statics and dynamics of a function-
ally graded microbeam employing a third-order shear deformation
and the modified couple stress theories in the modeling. Şimşek
and Reddy [27,28] investigated the linear bending, buckling, and
oscillations of functionally graded microbeams employing a high-
order shear deformation theory based on the modified couple
stress theory. Sahmani and Ansari [29] examined the linear buck-
ling response of functionally graded microbeams under thermal
loadings, based on a third-order shear deformation theory. Zhang
et al. [30] employed a strain gradient elasticity theory in order to
develop a model for a functionally graded microbeam via a third-
order shear deformation theory.
All of the studies reviewed in the previous paragraph were con-
cerned with linear modeling and analysis of the dynamics of
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higher-order shear deformable microbeams. Apart from this, in all
of those studies, the microbeam is assumed to be perfectly
straight; however, it is highly possible to manufacture an initially
curved (i.e., geometrically imperfect) microbeam due to improper
manufacturing process. Also, in some applications, such as in
microswitches, the deformable electrode is manufactured initially
curved intentionally to display a snap-through motion for on/off
states. As such, the current paper examines the nonlinear forced
dynamics of initially imperfect third-order shear deformable ex-
tensible microbeams based on the modified couple stress theory.
More specifically: (1) a third-order shear deformable microbeam
with a geometric imperfection is considered—this theory allows
for accurate prediction of the shear force (which becomes consid-
erable for thick systems) throughout the thickness; (2) the strain
energy is obtained in terms of the displacement field based on the
modified couple stress theory [23,31–35]; (3) the kinetic energy of
the system and the external works are determined in terms of the
displacement field; (4) a variational technique based on Hamil-
ton’s principle is employed to derive the continuous models gov-
erning the longitudinal, transverse, and rotational motions; (5) a
high-dimensional Galerkin scheme is used to transform the
continuous system to a discretized model; (6) the linear natural
frequencies are obtained by means of an eigenvalue analysis; (7) a
continuation technique and a direct time-integration method are
employed to obtain the nonlinear response numerically; (8) the
effect of system parameters, including the initial curvature and the
length-scale parameter, on the system response is highlighted; (9)
results are shown via frequency–responses, force–responses, time
traces, phase-plane diagrams, and FFTs.
2 Model Development
The schematic representation of the system under consideration
is shown in Fig. 1, illustrating a simply supported third-order
shear deformable microbeam with immovable ends (which indu-
ces extensibility). L, q, E, A, and I denote the length, mass density,
Young’s modulus, cross-sectional area, and second area moment
of the cross section of the microbeam, respectively. The displace-
ments in the longitudinal and transverse directions are represented
by u(x, t) and w(x, t), respectively; /(x, t) denotes the rotation of
the transverse normal. The microbeam is excited harmonically in
the transverse direction by a distributed force per unit length,
FðxÞcosðxtÞ. The initial curvature (geometric imperfection) is
modeled in the form of a function of x, denoted by w0(x).
The potential energy of the system can be expressed, based on
the modified couple stress theory, as
U ¼ 1
2
ð
V
r:eþm:vð Þdv (1)
where r and e represent the stress and strain tensors, respectively;
m and v represent the deviatoric part of the symmetric couple
stress and the symmetric curvature tensors, respectively.
The displacement field for a generic point at a distance z form
the centerline of the microbeam is shown by vector u, given by
u ¼
u x; tð Þ þ z/ x; tð Þ 
4
3h2
z3 / x; tð Þ þ
@w x; tð Þ
@x
 
0
w x; tð Þ þ w0 xð Þ
2
66664
3
77775 (2)
in which h represents the thickness of the microbeam and w0(x)
denotes the initial curvature associated with zero initial stresses.
Knowing that h¼ (1/2)curl(u), the symmetric curvature tensor
v can be formulated as a function of the rotation vector, h, as
v ¼ 1
2
rhþ rhð ÞT
 
(3)
which gives
vxy ¼ vyx ¼
1
4
@/
@x
 @
2w
@x2
 4z
2
h2
@/
@x
þ @
2w
@x2
  
vyz ¼ vzy ¼ 
2z
h2
/þ @w
@x
 
(4)
Based on Eq. (4), the application of the following constitutive
relation, valid for isotropic linear elastic materials:
mij ¼ 2l l2 vij (5)
gives
mxy ¼ myx ¼
1
2
ll2
@/
@x
 @
2w
@x2
 4z
2
h2
@/
@x
þ @
2w
@x2
  
myz ¼ mzy ¼ 4ll2
z
h2
/þ @w
@x
 
(6)
where l is the material length-scale parameter and l is the shear
modulus.
The strain tensor, according to Eq. (2), can be expressed as
exx ¼
@u
@x
þ 1
2
@w
@x
 2
þ @w
@x
dw0
dx
þ z @/
@x
 4z
3
3h2
@/
@x
þ @
2w
@x2
 
exz ¼ ezx ¼
1
2
1 4z
2
h2
 
/þ @w
@x
 
(7)
The nonzero components of the stress tensor can then be formu-
lated as
rxx ¼ E
@u
@x
þ 1
2
@w
@x
 2
þ @w
@x
dw0
dx
þ z @/
@x
 4z
3
3h2
@/
@x
þ @
2w
@x2
 " #
rxz ¼ rzx ¼ l 1
4z2
h2
 
/þ @w
@x
 
(8)
Substitution of Eqs. (4), (6), (7), and (8) into Eq. (1) results in
U ¼ EI
ðL
0
34
105
@/
@x
 2
þ 1
42
@2w
@x2
 2
 16
105
@2w
@x2
@/
@x
" #
dx
þ 1
2
EA
ðL
0
@u
@x
þ 1
2
@w
@x
 2
þ @w
@x
dw0
dx
" #2
dx
þ 4
15
lA
ðL
0
@w
@x
þ /
 2
dxþ lAl2
ðL
0
"
1
15
@/
@x
 2
þ 7
30
@2w
@x2
 2
 1
5
@2w
@x2
@/
@x
þ 2
3h2
@w
@x
þ /
 2#
dx (9)
The variation of the works due to the external excitation and
damping (with a coefficient cd) can be formulated as
Fig. 1 Schematic representation of an initially curved shear
deformable extensible microbeam
041001-2 / Vol. 11, JULY 2016 Transactions of the ASME
Downloaded From: http://computationalnonlinear.asmedigitalcollection.asme.org/ on 12/17/2015 Terms of Use: http://www.asme.org/about-asme/terms-of-use
dWF ¼
ðL
0
FðxÞ cos ðxtÞ dwdx (10)
dWD ¼ cd
ðL
0
@u
@t
duþ @w
@t
dwþ h2 @/
@t
d/
 
dx (11)
The kinetic energy of the microbeam can be formulated as
T ¼ qA
ðL
0
1
2
@u
@t
 2
þ 1
2
@w
@t
 2" #
dx
þ qI
ðL
0
34
105
@/
@t
 2
þ 1
42
@2w
@x@t
 2
 16
105
@2w
@x@t
@/
@t
" #
dx
(12)
Substituting Eqs. (9)–(12) into generalized Hamilton’s principle
given by [36]
ðt2
t1
ðdT  dUÞdtþ
ðt2
t1
ðdWF þ dWDÞdt ¼ 0 (13)
yields the following coupled nonlinear partial differential equa-
tions governing the motion of the system in the longitudinal and
transverse directions as well as the rotation, respectively
qA
@2u
@t2
 EA @
@x
@u
@x
þ 1
2
@w
@x
 2
þ @w
@x
dw0
dx
 !
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@u
@t
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3 Galerkin’s Scheme, Discretization, and Solution
Methods
Equations (14)–(16) represent the equations of motion of a
continuous model with infinite degrees of freedom; this system is
converted into a discretized model via application of the Galerkin
scheme. As such, the displacements are defined by the following
approximate series expansions:
wðx; tÞ ¼
XM
k¼1
ukðxÞqkðtÞ (17)
/ðx; tÞ ¼
XN
k¼1
wkðxÞpkðtÞ (18)
uðx; tÞ ¼
XQ
k¼1
ukðxÞrkðtÞ (19)
where uk denotes the kth eigenfunction for the transverse motion
of a linear hinged–hinged beam and wk ¼ u0k=ðkpÞ; qk(t), pk(t),
and rk(t) represent the kth generalized coordinate for the trans-
verse, rotational, and longitudinal motions, respectively.
Assuming w0(x)¼ A0u1ðxÞ and F(x)¼ f1, substituting Eqs.
(17)–(19) into Eqs. (14)–(16), multiplying both sides of the result-
ant equation by the corresponding eigenfunctions, and integrating
over the spatial domain result in a set of second-order nonlinear
ordinary differential equations in the form of
M€q þ C _q þK1qþK2ðqÞqþK3ðq; qÞq ¼ f cosðxtÞ (20)
where K1, K2, and K3 denote the linear, quadratic, and cubic stiff-
ness matrices, respectively; C is the damping matrix; M is the
nondiagonal mass matrix; f represents the forcing amplitude
vector.
Equation (20) represents a set of (MþNþQ) second-order
nonlinear ordinary differential equations; in order to be able to
solve these equations numerically, this set should be transformed
into a set of 2(MþNþQ) first-order nonlinear ordinary differen-
tial equations. However, this procedure cannot be performed
directly due to the inertial coupling between equations which is
the result of the nondiagonal mass matrix. The inertial coupling
can be solved by diagonalizing the mass matrix, which is done by
premultiplying Eq. (20) by M1, resulting in
I€q þM1C _q þM1K1qþM1K2ðqÞqþM1K3ðq; qÞq
¼M1f cosðxtÞ (21)
Equation (21) is transformed into a new set of 2(MþNþQ) first-
order nonlinear ordinary differential equations through use of a
change of variables. The new set of equations is solved by means
of: (1) an eigenvalue analysis for the determination of the linear
natural frequencies of the system; (2) the pseudo-arclength contin-
uation technique as well as the Floquet theory for the analysis of
nonlinear resonant responses and determining stability and bifur-
cations; (3) a direct time-integration technique, based on the vari-
able step-size Rosenbrock method. These numerical techniques
help us in constructing frequency–responses, force–responses,
time histories, phase-plane portraits, and FFTs. In the present
study, M¼N¼Q¼ 16 is selected; however, due to the symmetric
configuration of the system and external excitation, only the sym-
metric modes contribute to the response of the system; hence, a
24-degree-of-freedom system is examined, which ensures con-
verged and reliable results. This number of modes results in 48
first-order nonlinear ordinary differential equations with coupled
terms; solving such a high-dimensional system of equations
numerically necessitates developing accurate codes with opti-
mized run-time.
4 Coupled Nonlinear Dynamical Behavior of the
System
This section examines the coupled nonlinear dynamical
response, particularly by constructing frequency–responses, forc-
e–responses, time histories, phase-plane portraits, and FFTs. As a
test-case, calculations have been performed for a microbeam
made of epoxy with: l¼ 17.6 lm, h¼ 3.65l, L¼ 200h, b¼ 6h,
E¼ 1.44 GPa, l¼ 521.7 MPa, and q¼ 1220 kg/m3 (b denotes the
width of the microbeam). The following dimensionless parameters
are used throughout the numerical simulations:
u ¼ u
h
; w ¼ w
h
; A0 ¼
A0
h
; X ¼ x
ffiffiffiffiffiffiffiffiffiffi
qAL4
EI
r
; t ¼ t
ffiffiffiffiffiffiffiffiffiffi
EI
qAL4
s
f 1 ¼
f1L
4
EIh
; cd ¼
cdL
4
EI
ffiffiffiffiffiffiffiffiffiffi
EI
qAL4
s
; x1 ¼ x1
ffiffiffiffiffiffiffiffiffiffi
qAL4
EI
r
(22)
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In what follows, only the dimensionless parameters are used and
reported and the asterisk notation is dropped for briefness.
Figure 2 shows the nonlinear responses of the microbeam at the
primary resonance; the following parameters are selected:
f1¼ 1.15 and A0¼ 0.2, giving x1¼ 12.3518, where x1 is the first
linear natural frequency of the transverse motion; moreover, the
modal damping ratio is set to f¼ 0.009 for all generalized coordi-
nate throughout the numerical simulation. As seen in the figure,
the system displays a hardening-type nonlinear behavior with two
limit-point bifurcations at X¼ 1.0935x1 and X¼ 1.0305x1. A
comparison between subfigures (a) and (c) reveals that the longi-
tudinal displacement is much smaller than the transverse displace-
ment; however, this does not mean that the effect of the
longitudinal displacement is negligible. The reason is that the non-
linear terms in the equations of motion involving u (i.e., the longi-
tudinal motion) are quadratic which makes them comparable to
cubic nonlinear terms involving w (i.e., the transverse motion).
Moreover, canceling u in the modeling changes the w response.
The details of the system dynamics at X¼ 1.0290x1 are depicted
in Fig. 3, through a time trace, phase-plane portrait, and FFT of
the q1 motion. The comparison between the frequency–response
curves of the system obtained via the modified couple stress and
classical continuum theories are displayed in Fig. 4; it is seen that
the maximum amplitude of the oscillation predicted by the classi-
cal continuum theory is fairly larger than that predicted by the
modified couple stress theory. In addition, the modified couple
stress theory predicts a weaker nonlinear hardening behavior.
Increasing the forcing amplitude and the amplitude of the initial
imperfection to f1¼ 2.85 and A0¼ 0.4, respectively, a new set of
figures is obtained and plotted in Fig. 5. As seen, due to increased
amplitude of the initial imperfection, the nonlinear resonant
response of the system is a softening–hardening type, showing the
simultaneous effect of the quadratic and cubic nonlinear terms in
the equation of motion—such a behavior has already been
reported by researchers for macrosystems, for instance by Bene-
dettini and Rega [37,38] for suspended cables under primary and
subharmonic excitations, showing a qualitative behavior similar
to that of the system examined here. The initial softening and the
followed hardening behaviors are due to the presence of quadratic
and cubic nonlinear terms, respectively, in the equations of
motion. Subfigure 5(a) shows that, theoretically, as the excitation
frequency is increased from X¼ 0.8200x1, the periodic response
amplitude increases accordingly until point LP1 (X¼ 0.9398x1) is
hit, corresponding to the first limit-point bifurcation and hence
instability. Stability is regained at point LP2 (X¼ 0.9176x1) via
the second limit-point bifurcation. The amplitude of the stable
response increases with the excitation frequency until hitting point
LP3 (X¼ 1.0434x1); at this point, the third limit-point bifurcation
occurs which leads the system to have an unstable solution. By
decreasing X, the amplitude of this new unstable response
decreases accordingly until point LP4 (X¼ 0.9453x1) is reached,
where the stability is regained once again via the fourth limit-
point bifurcation; the response amplitude decreases with X there-
after. It should be noted that, as seen in subfigure (c), although the
amplitude of the longitudinal is small compared to transverse and
rotational motion, it affects their motion by introducing quadratic
nonlinearities, hence strengthening the softening behavior and
weakening the hardening one.
A comparison is made in Fig. 6 between the nonlinear resonant
response plots (i.e., frequency–response curves) of the microbeam
modeled by means of the modified couple stress and classical con-
tinuum theories. For the system modeled based on the modified
couple stress theory (see subfigure (a)), both the softening- and
hardening-type behaviors are weaker. Moreover, the peak ampli-
tude for the case of the modified couple stress theory is smaller
than that of the classical continuum theory.
Figure 7 addresses the effect of the amplitude of the initial
imperfection, A0, on the nonlinear resonant response of the sys-
tem, shown by frequency–response curves here. As seen in subfig-
ure (a), due to increased A0, the initial softening behavior
becomes stronger, and the hardening region becomes smaller; it is
seen that the hardening behavior almost vanishes for the case with
A0¼ 0.5. Moreover, the peak-amplitude becomes smaller when A0
is increased.
Fig. 2 Frequency–response curves of the system: (a) and (b)
the first generalized coordinate of the transverse motion and
rotation, respectively; (c) the second generalized coordinate of
the longitudinal motion. Solid and dashed lines represent the
stable and unstable solutions, respectively; f1 5 1.15 and
A0 5 0.2
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The nonlinear coupled resonant responses of the system is
shown in Fig. 8 in the form of force–response curves, obtained
by varying the forcing amplitude f1 where the excitation fre-
quency is set to a fixed value (X¼ 1.0650x1, here); A0¼ 0.2.
There are two limit-point bifurcations present with one unstable
solution branch in between. These two limit-point bifurcation
occur at points LP1 and LP2, with f1¼ 3.1647 and f1¼ 0.9769,
respectively.
The force–response curves for a larger initial amplitude of
imperfection, i.e., A0¼ 0.4, are depicted in Fig. 9; the excitation
frequency is set to X¼ 0.9650x1. It is seen that the number of
limit-point bifurcations are increased to four, due to increased
Fig. 3 The details of the dynamics of the system of Fig. 2 at
X 5 1.0290 x1; (a)–(c) time trace, phase-plane portrait, and FFT
of the q1 motion, respectively.
Fig. 4 Comparison between the frequency–response curves
of the system obtained via the modified couple stress and clas-
sical theories: (a), (b) the first generalized coordinate of the
transverse motion and rotation, respectively; (c) the second
generalized coordinate of the longitudinal motion. f1 5 1.15 and
A0 5 0.2; l 5 17.6 lm for the modified couple stress theory and
l 5 0 for the classical theory. Solid and dashed lines represent
the stable and unstable solutions, respectively.
Journal of Computational and Nonlinear Dynamics JULY 2016, Vol. 11 / 041001-5
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amplitude of initial imperfection. In particular, the limit-point
bifurcations occur at f1¼ 1.3082, 0.8526, 4.3612, and 1.9584, cor-
responding to points LP1, LP2, LP3, and LP4, respectively. It is
seen that as f1 is increased from 0.0, snap-through motions occur
at points LP1 and LP3, where the motion becomes unstable and
the system inevitably jumps to a higher-amplitude stable branch.
The force–response curves of the system for different values of
the frequency ratio (X/x1) are constructed and plotted together in
Fig. 5 Frequency–response curves of the system: (a), (b) the
first generalized coordinate of the transverse motion and rota-
tion, respectively; (c) the second generalized coordinate of the
longitudinal motion. Solid and dashed lines represent the sta-
ble and unstable solutions respectively; f1 5 2.85 and A0 5 0.4.
Fig. 6 Comparison between the frequency–response curves
of the system obtained via the modified couple stress and clas-
sical theories: (a), (b) the first generalized coordinate of the
transverse motion and rotation, respectively; (c) the second
generalized coordinate of the longitudinal motion. f1 5 2.85 and
A0 5 0.4; l 5 17.6 lm for the modified couple stress theory and
l 5 0 for the classical theory. Solid and dashed lines represent
the stable and unstable solutions, respectively.
041001-6 / Vol. 11, JULY 2016 Transactions of the ASME
Downloaded From: http://computationalnonlinear.asmedigitalcollection.asme.org/ on 12/17/2015 Terms of Use: http://www.asme.org/about-asme/terms-of-use
Fig. 10 in order to analyze the effect of the frequency ratio on the
coupled nonlinear resonant response of the system. It is seen in
the subfigure (a) that as the frequency ratio is increased, the first
two limit-point bifurcations occur at smaller forcing amplitudes
while the third and fourth limit-point bifurcations take place at
Fig. 7 Frequency–response curves of the system for several
amplitudes of the initial imperfection, A0: (a), (b) the first gener-
alized coordinate of the transverse motion and rotation, respec-
tively; (c) the second generalized coordinate of the longitudinal
motion; f1 5 2.15
Fig. 8 Force–response curves of the system: (a), (b) the first
generalized coordinate of the transverse motion and rotation,
respectively; (c) the second generalized coordinate of the longi-
tudinal motion. Solid and dashed lines represent the stable and
unstable solutions respectively; X 5 1.0650x1 and A0 5 0.2.
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larger excitation frequencies. Moreover, at sufficiently large forc-
ing amplitudes, the amplitude of the oscillation increases with
increasing X/x1.
Figure 11 highlights the effect of the amplitude of the initial
imperfection on the force–response curves of the system. This
figure illustrates that as the amplitude of the initial imperfection is
increased, the limit-point bifurcations occur at larger forcing
amplitudes; moreover, it is seen that for A0¼ 0.5, no limit-point
bifurcation occurs for the ranges of the forcing amplitude studied
here.
Fig. 9 Force–response curves of the system: (a), (b) the first
generalized coordinate of the transverse motion and rotation,
respectively; (c) the second generalized coordinate of the longi-
tudinal motion. Solid and dashed lines represent the stable and
unstable solutions respectively; X 5 0.9650x1 and A0 5 0.4.
Fig. 10 Force–response curves of the system for different fre-
quency ratios, X/x1: (a), (b) the first generalized coordinate of
the transverse motion and rotation, respectively; (c) the second
generalized coordinate of the longitudinal motion. A0 5 0.4.
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5 Concluding Remarks
The coupled nonlinear dynamics of a geometrically imperfect
third-order shear deformable extensible microbeam has been ana-
lyzed in this paper numerically based on the modified couple
stress theory. The model development became possible through
use of Hamilton’s principle along with constitutive relations. The
initial imperfection was modeled in the form of a trigonometric
distribution of the deflection along the microbeam length.
Galerkin’s method was employed to obtain a high-dimensional
discretized model. This model was solved by means of the
pseudo-arclength continuation technique and direct time-
integration based on the Rosenbrock method.
Analyzing the frequency–response curves of the system showed
that the system displays only a hardening-type behavior for
smaller amplitudes of the initial imperfection—for higher ampli-
tudes of the initial imperfection, on the other hand, both softening
and hardening behaviors are displayed by the system; due to pres-
ence of the initial imperfection, the system displays asymmetric
oscillations; the modified couple stress theory predicts smaller
amplitudes of oscillation as well as weaker hardening and soften-
ing nonlinear behaviors; as the amplitude of the initial imperfec-
tion is increased, the initial softening behavior becomes stronger.
Examining the force–response curves of the system revealed
that the system displays two limit-point bifurcations for smaller
amplitudes of the initial imperfection and four limit-point bifurca-
tions for sufficiently large amplitudes of initial imperfection;
increasing the excitation frequency hasten the occurrences of the
first two limit-point bifurcations while delaying that of the third
and fourth limit-point bifurcations; as a result of increased ampli-
tude of the initial imperfection, the limit-point bifurcations (if
any) occur at higher forcing amplitudes.
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